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In a previous paper1 we derived the relations between 

the number- and weight-average degrees of polymeriza- 
tion (DPs) X, and X, of a population PX of molecules 
obtained by randomly linking in pairs the molecules of a 
population PY and the number- and weight-average DPs 
Yn and Y ,  of PY. Specifically, we showed that, indepen- 
dently of the molecular weight distribution, the following 
simple relations hold: 

x,  = 2Y, ( 1 )  

( 2 )  
An obvious extension of eqs 1 and 2 is to repeat the 
procedure on the molecules of the population PX, namely, 
by randomly coupling the molecules of PX, to obtain the 
molecules of a new population PZ whose number- and 
weight-average DPs 2, and 2, are 

x, = Y,  + Y ,  

2, = 2x, = 4Yn 
z , = x , + x , = 3 Y n +  Y ,  

and then to continue up to the generalized relations 

Q, = 2mY, ( 3 )  

( 4 )  
for the number- and weight-average DPs of a population 
PQ of molecules obtained after m coupling steps. The 
powers of 2 are clearly the consequence of the fact that the 
weight of the different populations is always the same, 
whereas the number of molecules is halved at each coupling 
step, so the number-average DP is doubled. 

In the above discussion no hypothesis was made on the 
way the molecules are linked together and on the shape 
the coupled molecules take up. Therefore, eqs 3 and 4 
hold when the molecules are successively linked either at 
their ends to yield linear structures or at some internal 
parts to yield branched structures. Particularly, let us 
imagine the case in which the molecules of population PY 
are linked in pairs a t  one end and subsequently the 
molecules of the population PX are repeatedly coupled to 
yield star-shaped molecules with 4,8,16,  etc. arms. The 
resulting structures are the same as those which can be 
obtained by using a linking agent of suitable functionality 
f (say, 4,8,16, etc.) directly on the molecules of population 
PY. Kosmas and Hadjichristidis2 have recently derived 
the number- and weight-average DPs of the star-branched 
molecules (Qn and Qw in the present notation) in terms of 
the number- and weight-average DPs of the precursor arms 
(Yn and Y ,  in the present notation) and the functionality 
f of the linking agent: 

Q, = (2"'- l )Yn  + Y ,  

8, = f Yn (5) 
8, = (f - l )Yn  + Y ,  (6)  

Equations 5 and 6 are the same as eqs 3 and 4 when f is 
one power of 2; however, they are more general inasmuch 
as f can take any value. In the next section it will be 
shown that the method followed to obtain eqs 1 and 2 can 
be used to arrive at  the more general eqs 5 and 6. A further 

generalization will be pursued by analyzing coupling of 
molecules of two different populations. 

Linking More Than Two Molecules 
Equation 1 is the simple consequence of the fact that 

the weight of populations PY and PX is the same, whereas 
the number of molecules in PX is half the number of 
molecules in PY. Of course, if the N molecules of PY are 
linked in groups off, a population PQ results in which N / f  
molecules are present, whose number-average DP Qn is 
given by 

identical with eq 5. 
Equation 2 is obtained by considering that the prob- 

ability of finding in a population one molecule with a given 
DP coincides with the number fraction of molecules having 
that DP. Therefore, if ni and n, are the number fractions 
of molecules with DP Yi and Yj in population PY, nij = 
nin, is the number fraction of molecules in population PX 
with DP Xij = Yi + Yj. Then the weight fraction wij can 
readily be written in the form 

Qn = fyn 

n. .X. .  ninj(Yi + Yj )  
--?I, - wij - 
Xn 2Yn 

and the weight-average DP X ,  in the form 
. N N  

L I n i = l  j = 1  

By developing the sums in eq 8, one obtains 

(7) 

and by introducing eq 9 into eq 8, taking into account that 
CiCjninjYiYj = CiniYiCjnjYj = Yn2 and that CiniYi2 = 
( P ) n  is the number-average-squared DP, one obtains eq 
2. 

The same procedure can be followed to obtain the 
relation between Yn and Yw and the weight-average DP 
U, of a population PU of molecules obtained by linking 
in groups of three the molecules of PY. In this case the 
number fractions of PU and PY are related according to 
the equation nijk = ninjnk and the DPs according to the 
equation Uijk = Xi + Xj + Xk. Hence the weight fraction 
Wijk and the weight-average degree of polymerization U, 
take the form 

to be compared with eqs 7 and 8. By developing the sums 
of eq 1 1 ,  one obtains 

N N N  N 7 7 C n i n j n k ( Y i  + y j  + Yk)2 = 3 C n i y , 2  + 
i l l  j = 1  k = l  i -1  

N N  

6 7  7 n i n j Y i Y j  ( 1 2 )  
ill j - 1  

and since CiniYi2 and EiZjninj are the same as those in 
eq 9, by introducing eq 12 into eq 1 1 ,  one readily obtains 

u, = 2Yn + Y,  ( 1 3 )  
The comparison of eqs 13 and 2 allows one to conclude 
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that the weight-average DP of a population PQ of molecules 
obtained by linking together f molecules at a time of 
population PY is given by eq 6. 

Linking Molecules of Two Populations 
In the previous sections N molecules of one population 

PY were linked together in groups off to form Nlf larger 
molecules. Obviously, the same result would be obtained 
by dividing PY in f parts, each containing N l f  molecules, 
and then linking together molecules taken one at  a time 
from each part. If the f parts have been obtained by 
weighing equal amounts of the original PY, it is surely 
permissible (N and Nlf are in general very large) to 
consider that each part has the same distribution of mo- 
lecular species of PY. However, one might have prepared 
the f parts through some fractionation procedure, so they 
might contain the same number of molecules but weigh 
differently. More generally, the preparation of star- and 
comb-branched macromolecules from living polyanions 
and suitable linking agents3 can involve the use of 
precursors with different average DPs as well as with 
different chemical composition. In the following it will be 
shown how eqs 5 and 6 can be generalized to cover these 
cases. 

Let us consider the simplest case when f = 2, any 
generalization being straightforward. Given two popu- 
lations PT and PV, each containing N molecules, their 
number- and weight-average DPs can be put in the form 

E T ?  
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of the two precursors in population PX, one obtains from 
eq 16 

X, = n,T, + nvVw + 2n+,(T, + V,) (17) 
Equations 15 and 17 are reduced to eqs 1 and 2, 

respectively, when the populations PT and PV are 
identical. To show the differences and the analogies 
between eqs 15 and 17 on one side and eqs 1 and 2 on the 
other, let us assume Tn/ V, = u, which implies nT = ./(a + 1) and nv = l / ( u  + 1). From eqs 15 and 17 one obtains 

x, = (a + l)V, (18) 

where the sums are extended to all the molecules in the 
two populations. By linking the molecules of PT with 
those of PV, a population PX of N molecules is obtained, 
in which the ith molecule has DP Xi = Ti + Vi. The 
number-average DP X, is immediately calculated 

and the weight-average DP X, takes the form 
E X ;  Z ( T i  + Vi)2 

- - i - i 
X,.=-- 

i I 

E T ;  + X V ;  + 2 E T i V i  
i i i 

(16) 
CTi + C V i  

i i 

The sums in the denominator of the right member of eq 
16 can be evaluated from eqs 14. The exact relations CiTi2 
= NTnTw and CiVi2 = NV,V, hold and, if N is large, it 
is permissible to substitute in CiTiVi the products TiVi 
with the product TnVn of the average values. By intro- 
ducing the number fractions 

Vn 
Tn + Vn 

nv  = - Tn 
Tn + Vn 

nT = - 

(19) U 1 2u 
X,=-  + p w  + a + l V w  + - a +  lV, 

By mixing (without linking molecules) populations PT 
and PV, a population PY is obtained, for which 

u + l  Y, = T V ,  

U 1 Y,  = - u + l T w + C r V w  
By introducing eqs 20 and 21 intoeqs 18 and 19, one obtains 

x, = 2Y, (22) 

x,= Y , + -  4a Y 
( a+  1 ) 2  

to be compared with eqs 1 and 2. The more u differs from 
1, the more eq 23 differs from eq 2. Such a difference 
arises from the fact that, in obtaining eq 2, the molecules 
of PY are supposed to be randomly linked in pairs whereas, 
in obtaining eq 23, only linkages between molecules which 
were initially in the different populations PT and PV are 
considered. 

The process of linking the molecules of two different 
populations can obviously be repeated, so eqs 15 and 17 
can be used to calculate the average DPs of a population 
of molecules of any desired architecture. As an example, 
for three-arm star molecules with different average length 
(and possibly different chemical structure) of the arms, 
letting A,, B,, and C, be the number-average DPs of the 
arms and A,, Bw, and C, be the corresponding weight- 
average DPs, one obtains 

X, = A, + B, + C, 
X, = nAAw + nBBw + ncCw + 

2(nAnB + nAnC + n,nc)(An + B, + Cn) 
where nA = A,/Xn, nB = Bn/X,, and nc = CnIX,. Needless 
to say, when different parts of the molecules have the 
same average length, these can be grouped and the resulting 
number- and weight-average DPs can be conveniently 
calculated according to eqs 5 and 6. 

In conclusion, eqs 6 and 17 allow one to predict the 
weight-average DP of macromolecules built up by linking 
together several precursors of either equal or different 
average DPs and/or chemical structure, thus giving a 
further possibility, beyond the prediction of the number- 
average DP, of testing the synthesis procedure. In this 
sense, they fill a gap already pointed out by B y ~ a t e r . ~  
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